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Distribution of Points on a Sphere
with Application to Star Catalogs

Robert Bauer*
Bauer Engineering Enterprises, Langhorne, Pennsylvania 19047

A new framework is introduced to analyze the spatial distribution of stars in a catalog, namely, the Voronoi
diagram/Delaunay triangulation. The Voronoi diagram is a subdivision of the celestial sphere into polygonal cells,
one for each star, so that the cell for star P consists of the region on the sphere closer to P than to any other
star. The Delaunay triangulation is the topological dual with the important property that each spherical cap
circumscribing a triangle contains no stars in its interior. Measures of the uniformity in star density and geometric
arrangement based on the Voronoi diagram/Delaunay triangulation are presented and compared with existing
measures. Methods to generate uniformly distributed points on the sphere, which serve as useful test cases for
stellar attitude determination analysis, are formulated and compared. One such method, based on a spherical
spiral, is easy to implement and yields a very uniform distribution of points. Finally, the Voronoi density reduction
method is introduced to select stars for an onboard catalog from a larger candidate set. The candidate with the
smallest Voronoi cell is removed, and the Voronoi diagram of the reduced set is constructed. This process is repeated

until the desired number of stars remains.

Introduction

COMMON problem in spacecraft attitude determinationis to

select stars for an onboard catalog from a larger set of candi-
dates with the goal that the spatial distribution of the selected stars
be uniform. This problem is motivated by the conflicting goals to
minimize onboard computer memory requirementsand to maximize
the probability of having at least one catalog star in a star sensor
field of view at any given moment. Several algorithms have been
described in the literature that strike a balance between these two
goals. Vedder! divides the celestial sphere into a number of equal
area and contiguous cells and then selects just one star per cell.
Barry et al.2 define a proximity measure for each star to be the sum
of the angular distances to the three nearest neighbors. The star with
the smallest proximity measure is removed, and the measures for
the neighboringstars are recomputed. This process is repeated until
the desired number of stars remains. Kudva® establishesa set of uni-
formly distributed reference points on the celestial sphere. The star
closest to each reference point is selected for the onboard catalog.

This paperintroducesthe Voronoidensity reductionmethod to se-
lectstars for an onboard catalog. The method is based on the Voronoi
diagram* of the candidates, which is a subdivision of the celestial
sphere into polygonal cells, one for each star, such that the cell for
star P consists of the region on the sphere closer to P than to any
other star. Figure 1 shows a fragment of a Voronoi diagram (solid
line segments) for randomly distributed points. The graph of near-
est neighbors (dashed line segments) is the Delaunay triangulation,
which is the topological dual of the Voronoi diagram. (Two subdi-
visions are duals if for each face in the one subdivision there is a
corresponding vertex in the other, and for each edge separating two
faces in the one subdivision there is an edge connecting the cor-
responding vertices in the other.) The lines extending through cell
edges in the Voronoi diagram are the perpendicularbisectors of the
line segments connecting the nearest neighbors.

To select stars for an onboard catalog, the candidate star with the
smallest Voronoi cell is removed, and the Voronoi diagram of the
reduced set is constructed. This process is repeated until the desired
number of stars remains. The method is applied to three examples
in the sequel and shown in each case to yield a more uniformly
distributed set of stars than the previous methods.
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Of course, to evaluate the uniformity of star catalogs it is nec-
essary to have one or more measures of uniformity. In the fields
of physics and chemistry, measures of uniformity are based on the
potential energy of particles obeying mutual force interaction>® Of
particular importance is the potential law V(r) =r%, =2 < a< 2,
a#0and V(r) =(1/r) for a =0, where r is the Euclidean dis-
tance between two particles. The total potential of a set of particles
on the sphere s taken to be the measure of uniformity. See Ref. 6 for
an excellent discussion and bibliography on these interesting mea-
sures of uniformity. There are, however, more appropriate measures
for stellar attitude determination.

Vedder' defines an R-measure that representsthe variationin star
density over the celestial sphere. A comparable measure introduced
here, the D measure, is based on the Voronoi diagram for points on
a sphere. The inverse of the Voronoi cell area, called the Voronoi
density, may be interpreted as the star density within the respective
cell. The D measure is defined as the variance of the Voronoi den-
sity times a normalizing scale factor. The D measure is superior to
Vedder’s R measure in two ways. First, the R measure will always
indicate some nonuniformity in a distribution, even if by all other
accounts it is highly uniform. Second, the D measure is intrinsic,
whereas the R measure depends on an arbitrary parameter.

A second measure of uniformity defined here is the G measure.
It is based on the Delaunay triangulation that possesses the impor-
tant property that each spherical cap circumscribinga trianglein the
triangulation contains no stars in its interior} Applied to stars in a
star catalog, the Delaunay caps representthe empty regions between
stars. The Delaunay cap areas (DCAs) are summed, and a normal-
izing function is applied to yield the G measure. The G measure
provides a statistical measure of the geometrical arrangementof the
stars, namely, how close the triangles in the Delaunay triangulation
are to being equilateral.

A final topic covered in this paper is the generation of uniformly
spaced points on the sphere. To evaluate star identification schemes,
itis desirableto generatea large set of uniformly distributed sample
star sensor bore sights. It is relatively easy to generate a uniformly
random set of points on the sphere,’ but such a set will have regions
of higher and lower than average density, as chance may have it. A
method sometimes used for finite element analysis places points at
regularintervals on the faces of an icosahedron® The points are then
projected radially onto the sphere. This method has been used re-
cently by Kudva® and Ketchum and Tolson’ in the field of spacecraft
attitude determination. Whereas this distribution of points is much
more uniform than randomly distributed points, the density of points
near the vertices of the icosahedronis still about twice that of points
near the centers of the faces. Several refinements of this method
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Fig. 1 Voronoi diagram/Delaunay triangulation for points in the
Euclidean plane.

have been considered in the field of geophysics¥1%!! Two new re-
finements are introduced here: one based on spherical barycentric
coordinateson the faces of the icosahedron and the other based on a
numerical algorithm that iteratively redistributes the points to drive
the D measure to zero. Finally, a new and very simple method is
presentedto generate a highly uniform set of points on the sphereby
placing points at regular intervals on a spherical spiral. These points
serve as excellent test bore sights to evaluate star identification al-
gorithms. The uniformity of the random, icosahedral,and spiral sets
are compared in the sequel using the measures just discussed.

Construction of the Voronoi Diagram

The algorithm presented here to construct the Voronoi diagram
for a set of points on a sphere is based on the algorithm presented
by of Guibas and Stolfi.!? It uses their quad-edge data structure to
construct the Delaunay triangulation. The quad-edge data structure
simultaneously represents a subdivision of a two manifold and its
dual. Thus, whereasthe algorithmexplicitlyconstructsthe Delaunay
triangulation, the Voronoi diagram is implicitly constructed.

Point Insertion Process

The algorithm is incremental and starts by building a scaffold
from vertices of a regular spherical tetrahedron. The scaffold forms
an initial Delaunay triangulation to start the algorithm and is re-
moved at the end. Points in the set to be triangulated are inserted
one by one, adding and deleting edges as necessary to maintain the
Delaunay property. Figure 2 shows the insertion process,!?> which
is described as follows. Locate the containing triangle in which the
new point resides (bold edges in Fig. 2a). Add edges to the trian-
gulation that connect the new point to the vertices of the containing
triangle (bold edges in Fig. 2b). Hold the edges of the containing
triangle suspect (dashed line bold edges in Fig. 2b). Interrogate a
suspect (dashed line bold edge in Fig. 2c) by investigating whether
the interrogationcap (bold circle in Fig. 2¢), defined by the suspect
and the new point, contains any other point in the triangulation. If
not then the suspect is Delaunay and is kept in the triangulation
(bold edge in Fig. 2d). The next suspectis interrogated (dashed line
bold edge in Fig. 2d). If the interrogation cap contains another point
of the triangulation, called a witness (bold point in Fig. 2d), then
the suspect is not Delaunay and is deleted. Add an edge to the tri-
angulation connecting the new point to the witness (bold edge in
Fig. 2e), and call two new suspects into question (dashed line bold
edges in Fig. 2e). Continue the interrogation of suspects until all
of them have been eliminated (Fig. 2f). See Ref. 12 by Guibas and
Stolfi for a proof that the resulting triangulationis Delaunay.

%
LS

Ches

Fig.2 Insertion of a point into a Delaunay triangulation.
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Fig.3 Removal of a point from a Delaunay triangulation.

Point Removal Process

After all points in the set to be triangulated have been inserted,
the scaffold points are removed. Figure 3 shows the removal pro-
cess, which is described as follows. Remove the desired point and
its connecting edges (bold edges in Fig. 3a) leaving a cavity in the
triangulation (bold edges in Fig. 3b). Mend the cavity incrementally
as follows. Form a nominee for the triangulation from three consec-
utive points on the cavity (bold pointsin Fig. 3¢). Examine the other
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points on the cavity to see if any reside inside the cap circumscrib-
ing the nominee (bold circle in Fig. 3¢). If so (diamond in Fig. 3¢),
the nominee is not Delaunay. Form a new nominee from the next
three consecutive points (bold points in Fig. 3d). If no other point
resides inside the cap circumscribing the nominee, the nominee is
Delaunay. Add a spanning edge to include the nominee in the trian-
gulation (bold edge in Fig. 3e), at the same time reducing the cav-
ity. Continue checking nominees formed by consecutive points on
the remaining cavity (Fig. 3e) until the cavity is reducedto a triangle
(Fig. 3f).

The triangulation resulting from the point removal process just
described is Delaunay, as proven by the following argument. An
edge is said to be Delaunay if a circumscribing circle contains no
pointsin its interior. A triangulationis Delaunay if and only if each
of its edges is Delaunay (see Ref. 12). The edges created to mend
the cavity left by the point removal are Delaunay by construction.
The other edges are Delaunay because the original triangulation
is Delaunay. Therefore, the triangulation resulting from the point
removal process is Delaunay.

Implementation

Lischinski'® gives a C++ implementation of the algorithm to
construct the Delaunay triangulation. Although his implementation
is for a set of points in the Euclidean plane, the topological as-
pects of the algorithm apply to points on a sphere. The necessary
spherical geometry equivalents for the planar geometry functions
used by Lischinskiare given subsequently. The reader is referred to
Lischinski for the topological functions and algorithm structure. In
the sequel unit vectors are used to represent points on the sphere.

Center(A, B, C) returns the center of the spherical cap defined
by the points A, B, and C. With G =(B — A) X(C — A), Center =
G/1G]|.

InCap(A, B, C, D) determines whether the point D is inside the
spherical cap defined by A, B, and C. This function replaces the
functionInCircleused by Lischinski.!* With G = Center (A, B, C),
InCap =(G -A) < (G - D).

Proper(A, B, C) determines whether the spherical triangle de-
fined by the points A, B, and C is proper, meaning that the triangle
formed by the points taken in counterclockwise order as viewed
from outside the sphere has area less than 27. This function re-
places the function (counter clockwise) used by Lischinski.l* With
G =Center(A, B, C), Proper =G -A > 0.

OnEdge(X, e) determines if the point X is within & of the edge e.
With G = one endpointof e, H =the other endpointofe, and O =
the sphere center, OnEdge =|X — G|<|H — G| and |H — X| <
|H — G| and X within ¢ of the plane defined by G, H, and O.

The final triangulation contains 3n — 6 edges and 2n — 4 trian-
gles,* where n is the number of points in the set. The Voronoi vertex
associated with a Delaunay triangle (by duality) is defined geometri-
cally by the center of the spherical cap circumscribingthe triangle *
The Voronoi cell area for a point P is found by summing the area
of the constituent triangles formed by P and the edges of the cell.
The area of the spherical cap circumscribing a Delaunay triangle is
used in the sequel to define a measure of uniformity. The area of a
spherical triangle and cap are found by the following functions.!*

TriArea(A, B, C) returns the area of the spherical triangle
formed by the points A, B, and C. With a =asin(|B — C|/2),
b =asin(|C — A|/2),c =asin(|A — B|/2), s =(a + b + ¢)/2, Tri-
Area =4a tan{sqrt[tan(s) tan(s — a) tan(s — D) tan(s — ¢)]}.

CapArea(A, B, C) returns the area of the spherical cap defined
by the points A, B, and C. With G = Center(A, B, C), CapArea =
7|A - G|

Measures of Star Distribution

Two star distribution measures are introduced here. The D mea-
sure represents the star density variance and is based on the area
of the Voronoi cells. The G measure is based on the area of the
spherical caps circumscribing the Delaunay triangles. It represents
how close the Delaunay triangles are to being equilateral.

Recall thatthe Voronoicell for a star P consistsof theregionof the
celestial sphere closer to P than to any other star. The inverse of the
cell area, called the Voronoi density, provides an intrinsic measure
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Fig.4 Vedder R measure vs Q for 2252 randomly distributed points, a,
and 2252 points distributed uniformly, b, across the faces of a spherical
icosahedron.

of star density in the immediate neighborhoodof P. The statistical
variance v of the density over the celestial sphere is given by

v= D, u(d ~dy (1
k=1

where n is the number of stars in the set, d; =1/ay is the Voronoi
density in the kth cell, a; is the area of the kth cell, d =n/(4r) is
the averagedensity over the sphere, and u, =a,/(4r) is the fraction
of the sphere with density d;. If all stars have the same Voronoi
cell area, v will be zero. For a uniformly random distribution of
stars, the expected value of v is d2/ \/(27) as found by numerical
experimentation. With this in mind, the D measure is defined as the
following normalized density variance:

D=V\/2_7r/d_2 2)

Vedder' defines a similar measure of uniformity as follows. The
celestial sphere is partitioned into Q nonoverlapping, contiguous
cells of equal area. Then the variance of the number of stars in
each cell is found. The measure R(Q) is defined as the ratio of
this variance to the variance of a uniformly random distribution.
Vedder’s R measure and the D measure defined in Eq. (2) are sim-
ilar in that both represent a normalized variance of the star density,
both equal one for a uniformly random distribution, and both are
smaller for more uniform distributions. They differ in that the D
measure is intrinsic, whereas the R measure depends on the auxil-
iary parameter Q and the arbitrary placement and shape of the Q
regions. Figure 4 shows the R measure over a range of Q for two
distributions: one random and the other highly uniform. When the
distribution is random, the R measure is nearly unity regardless of
the value of Q. However, when the distribution is uniform, R(Q)
shows a discernible variation vs Q. If one is interested in a specific
value of Q, for example, Q =47/aroy, Where aggy is the area of a
star sensor field of view, the variability of the R( Q) may be of little
consequence. In fact, the R measure may be appropriate because it
reports the variance in the number of stars the star sensor will actu-
ally see. However, the R measure will indicate some nonuniformity
in a distribution even if by all other accounts it is highly uniform.
This feature is a result of the quantization inherent in counting the
number of stars, always an integer, in each of the Q regions. Fur-
thermore, R(Q) approaches1 as Q becomesincreasinglylarge. The
D measure, on the other hand, is an intrinsic measure of the vari-
ation in the density of stars over the sphere. If every Voronoi cell
is equal in area, clearly a highly uniform condition, the D measure
will report this uniformity faithfully by taking on a value of zero.

For attitude determination, one is concerned not only with the
density of stars in the catalog, but also with the size of the holes be-
tween stars. The need for a second measure of uniformity is seen in
Fig. 5, which shows several arrangements of points in the Euclidean
plane. The Voronoi cell area is the same for every point in each
arrangement. Thus, the D measures are all zero. In Fig. 5a the
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Fig.5 Comparison of several sets of points, each having a D measure
of zero.

points are located at the vertices of equilateral triangles. The ar-
rangement in Fig. 5b has points located at the vertices of isosceles
triangles. Whereas the arrangement appears to be very uniform, it
has larger circular regions devoid of points than does the arrange-
ment in Fig. 5a. Finally, Fig. 5S¢ shows a relatively random arrange-
ment of points, although one for which the Voronoi cell areas are all
equal. Compared with Figs. 5a and 5b, there are also much larger
regions devoid of points. The D measure alone indicates that the dis-
tribution is very uniform. A measure is needed that indicates how
large are the regions devoid of points.

Such a measure will be defined. First it is necessary to examine
the quintessentialfeature of a Delaunay triangulationand how it re-
lates to the star catalogs. A desirable feature for a star catalog is that
the area of the holes between stars be as small as possible for a given
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catalog size. As already discussed, the Delaunay triangulation of a
set of stars has the feature that every spherical cap circumscribinga
trianglein the triangulationcontainsno starsin its interior. Statistics
on the area of these Delaunay caps providerigorous measures of the
how large are the circular holes between stars. The Delaunay trian-
gulation of n points on the unit sphere comprises 2n — 4 triangles *
The total area of the respective 2n — 4 Delaunay caps divided by
the minimum total area possible for a distribution of n points is a
natural measure of the holes between stars. The problem with such
a definition of uniformity is finding a general expression for the
minimum total cap area for n points. An idealized minimum is used
instead. The average area of the triangles is 47/(2n — 4). The cap
circumscribing a triangle of area « is smallest when that triangle
is equilateral. Whereas there are only three distributions of points
that result in the Delaunay triangles being equilateral (the tetra-
hedron, octahedron, and icosahedron), it is convenient to assume
that the n points in a distribution can be arranged at the vertices
of 2n — 4 equilateral and equal area triangles. Let 8 be the area of
a spherical cap circumscribing an equilateral spherical triangle of
area4n/(2n —4). The G measure is now defined as follows:

1 2n—4
G=2fw(m Zb,) 3)

j=1

where b; is the area of the spherical cap circumscribing the jth
Delaunay triangle. The application of the logarithm and scaling by
two results in a measure that is zero for an ideally uniform distribu-
tion and that has an expected value of one for an uniformly random
distribution. Finding the value of S to be used in Eq. (3) involves
tractable, but rather messy, spherical trigonometry. For large n, area
B= Bow =167%/[(2n — 4) \/27], which is the value of 3 for a planar
triangle of area 47/ (2n — 4).

When applied to the arrangements in Fig. 5, the G measure in-
dicates that the arrangement in Fig. 5c is much less uniform than
in Figs. 5a or 5b in agreement with one’s own intuition. Note that
the large regions devoid of points in Fig. 5c are not due to low
point density per se (the density is uniform as indicated by the D
measure) but because many of the Delaunay triangles are far from
equilateral.

Construction of Uniformly Distributed Points

Before addressing the most significant topic of the paper, namely,
the Voronoi density reduction method to select stars for an on-
boardcatalog,the constructionof uniformlydistributedpoints on the
sphere is considered. The ability to construct uniformly distributed
points is important for attitude determination. Such points serve as
star sensor bore sight test cases when evaluating the performance of
a stellar attitude determination algorithm and are needed for some
star catalog generation methods?*® Several methods to construct n
uniformly distributed points are prescribed next. Uniformity mea-
sures for the resulting point sets are reported in Table 1.

To begin, a prescription is given for a uniformly random
distribution."” Let r, be a uniformly distributed random number
on the interval [—1, +1] and r, be a second on the interval [0, 27).
Then the coordinates of a random point on the sphere are given by

x = cos(rz)\/l —rl 4)
y = sin(rz)\/l —rl (5)
Z=n 6)

Choosing n points according to Egs. (4-6) yields a uniformly ran-
dom distribution over the unit sphere. By uniformly random it is
meant that the probability of having a pointin any very small region
of area a is na/(4r) and is independent of the placement of any
other point in the set. The D, G, and R measures of such a set are
all very nearly 1 (Table 1).

Williamson® and Ketchum and Tolson’ have suggested a method
to distribute points with icosahedral symmetry. Points are placed at
regular intervals on the faces of an icosahedron,and then projected
radially onto the unit sphere. Algorithm 1 shows an implementation
of this approach.
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Table1 Comparison of several sets of n = 2562 points

VCA -n/4r¢ DCA/B® DEL/yf

Set D G R? Ey— fob E_— f_° Min. Max. Min. Max. Min. Max.

Random 1.0830 0.9886 1.0417 5049.73 7113590  0.0566 3.8239 0.0111 8.4429 0.0141 3.3396
Simple icosahedral 0.0484 0.0089 0.1637 653.075 4254.47 0.6193 1.1976 0.6765 1.0976 0.7684 1.0976
Barycentric icosahedral 0.0041 0.0214 0.1054 -9.26153 316.889 0.8362 1.056 09134 1.0642 0.8929 1.0606
Homogenized icosahedral 0 0.0349 0.1026 —-67.2734 11.234 1 1 0.9878 1.0892 0.8981 1.1455
Baumgardner and 0.0135 0.0351 0.1201  81.3457 1009.59 0.8863 1.1950 0.9587 1.2054 0.9193 1.0976

Frederickson!! icosahedral

Williamson® icosahedral 0.0135 0.0320 0.1228 68.6994 943.086 0.8863 1.1863 0.8908 1.2079 0.9042 1.1405
Vestine et al.'? icosahedral 0.0049 0.0318 0.1202  46.5965 523.088 0.8863 1.0850 0.9562 1.1385 0.9193 1.1247
Bauer spiral 5.60e—=5 0.1896 0.1118 —62.5544 145.18 0.9553 1.0472 0.8850 1.3207 0.8222 1.3256
Refs. 5 and 6 spiral 3.15¢—4 0.1944 0.1167 —-61.5642 157.109 0.7252 1.0627 0.4911 14159 0.5251 1.3684

aR given for Q =817. PLogarithmic potential energy Ej is offset by f; = —638988.52816 (see Ref. 6).

¢Coulomb potential energy E_; is offset by f_; = 3210303.93486(see Ref. 6).

dNormalized by dividing by 47/n.

°Normalized by dividing by g = 1672 /[(2n — 4) \/27], which for large n approximates the area of a cap circumscribing an equilateral triangle of area 47/(2n — 4).
‘Delaunay edge length (DEL) is normalized by dividingby y = {167/[(2n —4) \/3]}“2 , which for large n approximates the edge length of an equilateral triangle of area 47/(2n — 4).

Algorithm 1: Construction of Points
with Icosahedral Symmetry

1) Round n, the minimum number of points to be constructed,up
to a number that can have icosahedral symmetry,

m = ceiling{sqrt[(n — 2)/10]}, n=10m*+2
2) Find the four vertices of two adjacent faces of the icosahedron
y =2 arctan[( 5-1) /2]
o = [cos(r/5) sin(y), —sin(x/5) sin(y), cos(y)]
B = [cos(n/5) sin(y), +sin(7/5) sin(y), cos(y)]
x =(0,0,1), 8 =10, 0, —cos(y)]

3) Constructa set €2, of m? points on the two faces accordingly.
Fori =0-(m — 1) and j =1-m, ..., a) find the point index k and
face coordinates (h,, hy, h,)

k=i-m+j, h, =i-m

hy = j-m™, he =1—(h, + hy)

b) resolve the face coordinates so that i, h,, h, >0;if h, =0

A =«, B =8, C=x
otherwise
A =5, B =a, c=6
hy =1—h,, hy =1—hy, h, = —h,
and c) convert (h,, hy, h.) to a unit vector:
P=h,A+h,B+h.C, P, =P/|P|

4) Construct four sets of points €,-Qs by duplicating each
point in €, and rotating about the Z axis by an angle 6 =
2x(r —1)/5,r =2-5.

5) Let €y be the union of points in £, -5 and the point (0, 0,
+1), a total of 5m? + 1 points. Construct the set of points €2; by
reflecting each point in €2, about the XY plane. The final set of
points €2 is the union of points in €2; and €, a total of 10m? + 2
points.

Whereas the simple icosahedral set constructed by Algorithm 1
is much more uniform than the random set and is relatively easy to
generate, the point density varies by almost a factor of two over the
sphere. (See minimum and maximum Voronoi cell area reported in
Table 1.) A refinement is made by interpreting the face coordinates
(hg, hy, h.) in step 3c as barycentric coordinates on the sphere. In

the Euclidean plane a point P inside the triangle (4, B, C) can be
represented by
P=h,A+h,B+h.C @

where (h,, h,, h.) are the barycentric coordinates' and equal the
following ratios of triangle areas:

h, = Area(P, B, C)/ Area(A, B, C) 8)
h, = Area(A, P, C)/ Area(A, B, C) 9)
h. = Area(A, B, P)/ Area(A, B, C) (10)

The barycentric coordinates may be generalized to spherical trian-
gles by interpreting the Area function in Egs. (8-10) as the area of
the sphericaltriangle. (See TriArea defined earlier.) Using this inter-
pretation, the sphericalbarycentriccoordinates(h,, iy, h.)uniquely
define the point P on the spherical triangle (A, B, C). Algorithm 2
uses an iterative technique to solve for P in Egs. (8-10).

Algorithm 2: Conversion of Spherical Barycentric
Coordinates to a Unit Vector
1) Inputs are the triangle vertices (4, B, C) and the barycentric
coordinates (h,, h;, h.).
2) Set u =TriArea(A, B, C).
3) Initialize the triplet (z,, #,, .) and the point P accordingly:

ta =ha’ th =hh’ tc =hc

P=h,A +h,B+h,C, P =P/|P|

4) Tterate the following equations at least three times:

t, =t, + h, — TriArea(P, B, C)/ u
t, =t, + h, — TriArea(A, P, C)/ u
t. =t. + h, —TriArea(A, B, P)/

P=tA+1B+1tC, P =P/|P|

5) Return P.

Replacing step 3c in Algorithm 1 with Algorithm 2 yields a very
uniform set of points called the barycentricicosahedralset. Its point
density varies by only a factorof 1.26 over the sphere, and the largest
Voronoi cell is only 5.6% larger than the average (Table 1).

The icosahedral set can be made more uniform by homogenizing
its distribution. To do so, the points are nudged from regions of
higher density toward regions of lower density using Algorithm 3
until all points have the same Voronoi cell area.
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Algorithm 3: Homogenize the n Points in the Set

1) Build the Voronoi diagram for the set €.
2) Determine the Voronoi cell area (VCA) gradient x; for each
point Py in €2:

1
n=3 2 (4 —a)(P; = PY/IP; = Pi’

J € Jk

where J; is the set of indices for the nearest neighbors of P, and a;
is the area of the kth Voronoi cell.
3) Nudge each point P, and normalize as follows:

P, =P, + cxy, P, =P /P
where ¢ =0.75 is a convergence parameter.

4) Rebuild the Voronoi diagram using the nudged points from
step 3. Evaluate the D measure. If necessary repeat steps 2-4.

Algorithm 1 followed by Algorithm 3 yields a very uniform and
highly symmetric set of points. The drawback is that it is a very
complicated algorithm. Other refinements of the simple icosahe-
dral set are possible. Table 1 reports on the uniformity for point
sets constructed according to Williamson,® Vestine et al.,'® and
Baumgardner and Frederickson.!! None of these point sets is as
uniform as either the barycentric or homogenized sets.

Finally, a spiral setis defined that is very uniform but much easier
to construct than the icosahedral sets. It does, however, have larger
holes between neighboring points as indicated by the G measure.
Rakhmanovet al.’ (see also Ref. 6) give a similar spiral but one that
this author found to be slightly less uniform (Table 1).

A spherical spiral C is described in spherical coordinates by the

following equations:
r=1, 0=L¢, 0<¢p=<rm (11)

where L specifies the spiral slope. One can see that when 0 increases
by 27, thatis, one turn of the spiral, ¢ increases by 27/ L. Thus, the
spacing o between turns of the spiral is given by

o =2x/L (12)
The total arc length s, of the spiral is given by the following inte-

gral'®:

S, =] \/d¢2+d9251n2¢=j A1+ L2sin® ¢ do
C 0

=2/1+L2E(L/\/1+L?) (13)

where E( ) is the complete elliptic integral of the second kind. To
construct the spiral point set, the spiral is divided into n nearly
equal length segments, and a point is place at the center of each
segment. The spiral slope L is chosen so that the spacing between
turns equals the length of the segments. Setting ¢ =s,/n, using
the approximation s, = 2L that holds for large L, and substituting
o =2n/L, we find the desired slope to be

L =nn (14)

Now, thearclengths from (¢, 6) =(0, 0) to (¢, L¢) is approximate-
ly equal to

s = L(1 —cos¢) (15)

as can be seen by considering an indefinite integral in Eq. (13) and
making the assumption that L2 sin® ¢ > 1. By the use of Eqgs. (11),
(14), and (15), Algorithm 4 places n points at nearly equal intervals
along the spiral.

Algorithm 4: Construction of Points
on a Spherical Spiral
1) Set L = \/(n), where n is the number of points to be con-
structed.
2) For k = 1-n, a) find the spherical coordinates of the kth point,
zr =1—= 2k —1)/n, 6. = L¢y

¢, = arccos(zy),
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and b) convert to rectilinear coordinates
X = sin(¢;) cos(6;), Yi = sin(¢y) sin(6;)
Py = (xi, yi» 21)

Table 1 compares the several point sets suggested here. The spiral
set is very easy to construct and is remarkably uniform. It makes
an excellent set of points to serve as star sensor bore sight test
cases when evaluating the performance of a stellar attitude deter-
mination algorithm. If one needs a highly uniform distribution, the
homogenizedicosahedralsetis best, butrequiresa very complicated
algorithm to generate. The barycentric icosahedral set is nearly as
uniform as the homogenized set, but is much easier to generate.

Star Catalog Generation

A new method is now presented to select stars for an onboard
catalog from a larger candidate set based on the Voronoi diagram of
the candidates.Oftenitis the case thata star sensorcanreliably sense
many more stars thanneeded for onboard attitude determination.For
example,a sensor with an 8-deg (diameter) circular field of view may
reliably sense 2000 stars, whereas 817 stars (about one per sensor
field of view) may be enough to maintain a good attitude estimate if
the stars are uniformly distributed. Selecting a uniform set of stars
will tend to minimize regions devoid of stars. The selection problem
is formally stated as follows: Given a candidate set of m stars that
meet specific mission and sensor criteria, select a subset of n stars
for an onboard catalog that is as uniform as possible. Intuitively, it
would seem that if one could first identify the densestregion in the
candidate set, and then remove a star from that region, the resulting
reducedset would be more uniform. Repeating this “greedy” process
until the desired number of stars remains shouldresultin an onboard
catalog that is very uniform.

The Voronoi diagram of the candidate set provides an excellent
framework to identify the densestregion. As mentioned earlier, the
inverse of the VCA may be interpreted as the star density within
the respective cell. The candidate with the smallest VCA is then
a star in the densest region of the candidate set. Using this defini-
tion of star density, the Voronoi density reduction (VDR) method
is devised to select stars for an onboard catalog from a larger
candidate set. First, the Voronoi diagram of the candidate set is
built. Next, the star with the smallest Voronoi cell area is removed,
and the Voronoi diagram of the reduced candidate set is found.
This removal process is repeated until the desired number of stars
remains.

Of course, the question is: Does the VDR method result in the
most uniform onboard catalog possible, that is, is it optimal? This
question is a difficult one considering that choosing a subset of n
stars from a larger set of m stars can be done in m!/[(m —n)!n!]
ways, which is a very large number for typical values of m and n.
The optimality of the VDR method is not addressed here. However,
the VDR method is demonstrated to be superior to several existing
methods by three representative examples.

Random Candidates

The first example demonstratesthe basic VDR method and com-
pares it to other methods to selects stars from a candidate set. The
problem is stated as follows: given 2000 randomly distributed can-
didate stars select 817 stars that are uniformly distributed, for an
onboard catalog. The VDR method is applied to this problem. The
resulting onboard catalog is much more uniform than those cho-
sen by other known methods' 3 (Table 2). The other methods are
described next.

Barry et al. suggesta method that has the same structure as the
VDR method but uses a different measure of density. For each star
in the candidate set, the sum of the angular separations to the three
neareststars is found. The star with the smallest sum of separations
is removed to form a reduced candidate set. This removal process
is repeated until the desired number of stars remains. Although this
method yields very satisfactoryresults, it is not quite as good as the
VDR method (Table 2).

Vedder' presents a method in which the sky is divided into con-
tiguous and equal area cells. The cells are congruent and nearly
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Table2 Comparison of onboard catalogs generated
by several methods

Measure of Delaunay cap
Selection No. of uniformity radius, rad
method stars D G Min. Max.
Candidates 2000 1.0251 0.9911 0.0094 0.1426
VDR 817 0.0570 0.5061 0.0450 0.1426
Barry et al.? 817 0.0753 0.5015 0.0529 0.1426
Vedder! 815 0.2218 0.7878 0.0290 0.2618
Uniform ref. 818 0.1400 0.5754 0.0289 0.1426
1.0 3
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Fig.6 Cumulativefrequency of Delaunay caps with radii greater than
the abscissa for onboard catalogs selected by several methods (see
Table 2).

squarein cylindricalcoordinatespace. One candidatestar from each
cell is selected for the onboard catalog. Here the star closest to the
center of the cell is selected. Because some cells will contain no
candidate, the number of cells must be somewhat greater than the
number of stars desired in the onboard catalog. Choosing the num-
ber of cells to yield exactly the desired number of onboard stars
is difficult because of the arbitrary placement of cells. After a rea-
sonable amount of trial and error, 815 stars were chosen using 935
cells (55 X 17). Some heuristic method, not addressedhere, must be
applied to select two additional stars. The set of 815 stars, although
more uniform than the candidate set, is much less uniform that the
set generated using the VDR method (Table 2).

Consideredlastis the uniformreferencemethod, a refinement of a
method suggestedby Kudva.? A setof reference points is uniformly
distributed across the celestial sphere. The candidate star closest to
each reference point is selected for the onboard catalog. The spiral
set constructed by Algorithm 4 is used for the reference points.
Because reference points in sparse regions of the candidate set will
tend to share the same closest candidate, the number of reference
points must be somewhat larger than the desired number of onboard
stars. As with the Vedder method,' choosingthe number of reference
points to yield exactly the desired number of onboard stars proves
to be difficult. Using 837 reference points, 818 onboard stars were
selected. Again, the resulting set of onboard stars is not as uniform
as the set found by the VDR method (Table 2).

To gain a better appreciation for the uniformity of the onboard
catalogs generated by the methods just discussed, the cumulative
frequency!’ (CF) of Delaunay cap radii is examined. Recall that a
Delaunay cap, which circumscribesa triangle in the Delaunay trian-
gulation, contains no other stars in its interior. Thus, the Delaunay
caps represent the empty regions between stars. Figure 6 shows the
CF of Delaunay cap radii for the onboard catalogs. For comparison
the CF for a randomly selected set of 817 stars is also shown. The
catalog generated by the VDR method has the smallest CF at larger
values of the Delaunay cap radius, indicating that it contains the
fewest large regions devoid of stars.

The common way to examine the distribution of stars is to find
the statistics of having k stars in the sensor field of view. For the
present example the field of view is assumed to be 8 deg (diameter)
circular. To accumulate the statistics, 16,000 sample sensor bore
sights are generated using the spiral method of Algorithm 4. For

0.7
Voronoi Barry et al.
06T  Density Uniform Reference
Reduction

Vedder

Number of Stars in Sensor FOV

Fig.7 Frequency of k =0, 1, 2, and 3 stars in a sensor field of view for
onboard catalogs selected by several methods (see Table 2).
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Fig. 8 CF of stars whose magnitude is greater than the abscissa for
EOS-AM1 onboard catalogs selected by several methods that favor
brighter stars (see Table 3).

each bore sight, the number of catalog stars within in 4 deg of the
bore sightis determined, and statistics on there being k stars, k =0-
3, are accumulated (Fig. 7). The VDR and Barry et al.> methods
result in the smallest frequency of no stars (k =0) and the highest
frequency of one star (k =1) in the sensor field of view, attesting to
their efficacy in generating onboard catalogs.

It would seem, accordingto Fig. 7, that the VDR and Barry et al.2
methods are equivalent: the frequency of k stars, k =0-3, in the
sensor field of view is the same for both. However, the CF of DCAs
(Fig. 6) indicates that the regions with no stars in the sensor field of
view are more dispersed using the VDR method than for the Barry
etal.? method. In other words, whereas both methods yield the same
fraction of the sky with no stars in the sensor field of view, the VDR
method has smaller contiguous regions with no stars.

Earth Observing Satellite (EOS)-AM1 Catalog

The Earth observing satellite (EOS)-AM1 spacecraftis limited to
700 starsin its onboard catalog. There are, however, 1523 candidate
stars that satisfy the criteria for the mission including magnitude
range, near neighbor magnitude vs angular separation, proper mo-
tion, position errors, and magnitude errors. The baseline onboard
star catalog for EOS-AM1 was chosen with a bias toward brighter
stars > 181 The selection methods described earlier are easily mod-
ified to favor brighterstars. The VDR method is modified to remove
the star with the smallest intensity weighted VCA w; during each
iteration.

Wi = ag exp(—gmy) (16)

where g > 0 is the weighting parameter, a; is the VCA of the kth star,
and m, is the instrument magnitude of the kth star. With g =0.3,
the catalog generated by the VDR method exhibits approximately
the same magnitude distributionas the baseline catalog (Fig. 8) but
is more uniform (Table 3). The Barry et al.,> Vedder,' and uniform
reference methods can be similarly modified to favor brighter stars.
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Table3 Comparison of onboard catalogs for EOS-AM1

Measure of Delaunay cap
No. of uniformity radius
Method stars D G Min. Max.
Candidates 1523 1.0134 0.9975 0.0076 0.1485
VDR 700 0.1379 0.6017 0.0398 0.1485
Barry et al.? 700 0.1533 0.6020 0.0476 0.1626
Vedder! 706 0.2702 0.8097 0.0136 0.2304
Uniform ref. 699 0.2569 0.7106 0.0360 0.1675
Baseline 700 0.2615 0.6887 0.0391 0.1603

Table4 Comparison of onboard catalogs for the Space Shuttle

Measure of Delaunay cap
No. of uniformity radius
Method stars D G Min. Max.
Candidates 273 1.4926 0.9393 0.0243 0.3025
VDR 100 0.0821 0.4695 0.1632 0.3217
Barry et al.? 100 0.1074 0.4804 0.1680 0.3598
Vedder! 101 0.2076 0.7268 0.1184 0.4834
Uniform ref. 101 0.2261 0.6294 0.0920 0.3622
Baseline 100 0.9822 0.8602 0.0876 0.5797

None of them, however, results in a catalog that is as uniform as that
resulting from the VDR method.

Space Shuttle Catalog

The Space Shuttle onboard catalog is composed of 100 stars.
There are 273 candidate stars that satisfy the mission require-
ments.>1%2 Of these candidates, 50 are bright, easily recogniz-
able stars that are sighted by astronauts with a manual optical sight.
Therefore, they are selected for the permanentonboard catalog. The
problemremains to choose 50 additionalstars such that the resulting
catalog is as uniformas possible. To solve this problem, a modifica-
tion to the VDR method is made: the smallest VCA that is not one
of the 50 easily recognizable stars is removed during each iteration.
The Barry et al.2 method can be similarly modified. For Vedder’s
method! if a cell contains one of the 50 easily recognizablestars, no
further selection is made. Otherwise, the star closest to the center
of the cell is selected for the onboard catalog as before. No modifi-
cation to the uniform reference method is made, other than to form
the union of stars it chooses and the 50 easily recognizable stars.

Table 4 compares the uniformity of the onboard catalogsresulting
from the VDR, Barry et al.,> Vedder,! and uniform reference meth-
ods with the modifications just discussed. All four methods resultin
catalogsmore uniform than the candidate set and more uniform than
the baseline onboard catalog currently in use by the Space Shuttle.
Once again, the VDR method yields the most uniform catalog.

Conclusions

A new framework has been introduced to analyze the spatial dis-
tributionof starsin a catalog,namely, the Voronoidiagram/Delaunay
triangulation. The Voronoi diagram subdivides the celestial sphere
into polygonal cells, one for each star, such that each cell contains
that part of the sphere closer to the respective star than to any other
star. The inverse of the VCA, called the Voronoi density, may be
interpreted as the star density within the cell. The Delaunay trian-
gulation is the topological dual of the Voronoi diagram with the
important property that the spherical caps circumscribing triangles
in the triangulationare devoid of stars. Thus, the Delaunay caps may
be interpreted as the empty regions between stars. Carefully cho-
sen statistics on the Voronoi density and DCAs provide meaningful
measures of star catalog uniformity. Here, two such measures have
been defined: the D measure that is a normalized Voronoi density
varianceand the G measure that is a measure of how close to equilat-
eral the Delaunay triangles are. Three other measures of uniformity
from the scientific and engineering literature have been discussed
and compared to the D and G measures.

Several methods to generate uniformly distributed sets of points
on the sphere have been presented. By examining the uniformity

measures of these sets, one can make an objective assessmentof the
benefits of each to the task at hand vs the effort involved in their
generation. The spiral set introduced here is very easy to generate
and yet is remarkably uniform.

The VDR method, based on the Voronoi diagram of candidate
stars, has been introduced to select stars for an onboard catalog. The
starin the candidate set having the smallest VCA may be interpreted
as being in the densest region of the sky. Its removal results in
a reduced set that is more uniform. Repeatedly removing the star
having the smallest VCA until the desired number of stars remains
yieldsa very uniformonboard catalog. The method s easily adapted
to special requirements such as favoring brighter stars and retaining
a preselected subset of the candidates. This method has been shown
to yield a more uniform onboard catalog for both the EOS-AM1 and
Space Shuttle missions than their respective baselines.
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